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1. Introduction
In [11], G. Kurepa introduced a notion that now is known as d-separability. A selective (and strictly stronger) version of
this concept was deﬁned by A. Bella, M. Matveev and S. Spadaro in [4] and called D-separability; this led (also in [4]) to
the deﬁnition of D+-separability, which can be regarded as a game-theoretic stronger version of D-separability.
Here we study some relations between such concepts and also answer a question raised in [4]. For that we introduce
two new properties. In particular, we generalize the property of being discretely generated. The deﬁnitions and relationships
between the properties studied are in Section 2. In Section 3 we investigate when a d-separable space is D-separable and
in Section 4, when a d-separable is D+-separable. In Section 5 we considered some small cardinals related to this subject.
All topological spaces considered in this text are assumed to be T1.
2. The properties being considered
The following deﬁnitions were given, respectively, in [11] (under a different name) and [4].
Deﬁnition 2.1. A topological space is d-separable if it contains a dense σ -discrete subset.
Deﬁnition 2.2. A topological space X is called
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such that ∀n ∈ ω (Dn ⊆ En) and ⋃n∈ω Dn is dense in X ;· D+-separable if Two has a winning strategy in the game Gdis(D,D), deﬁned by the following rules: in each inning
n ∈ ω, player One chooses a dense subset En of X , and then player Two chooses a discrete Dn ⊆ En; Two wins if⋃
n∈ω Dn is dense in X , otherwise One is the winner.
Clearly, every D+-separable space is D-separable and every D-separable space is d-separable. None of the converse
implications hold in general; see [4].
By Corollary 3.2 of [13], every topological space with a σ -point-ﬁnite base is d-separable. The next result shows that this
hypothesis can be weakened. Recall that a topological space X is quasi-developable (see [5]) if there is a quasi-development
for X , i.e., a sequence (Gn)n∈ω of families of open subsets of X such that, whenever x ∈ U with U open in X , there is n ∈ ω
such that ∅ = st(x,Gn) ⊆ U , where st(x,Gn) =⋃{V ∈ Gn: x ∈ V }.
Proposition 2.3. Consider the following statements about a topological space X :
(a) X has a σ -point-ﬁnite base;
(b) X is quasi-developable;
(c) X is d-separable.
Then (a) ⇒ (b) ⇒ (c).
Proof. (a) ⇒ (b) is Theorem 3 of [1]. For (b) ⇒ (c), let (Gn)n∈ω be a quasi-development for X . For each n ∈ ω, well-order
Gn as Gn = {Unα: α ∈ γn}; now for each α ∈ γn deﬁne recursively:
· V nα = Unα and Anα = {xnα}, where xnα ∈ Unα \
⋃
β∈α V nβ , if this set is nonempty and Unα ∩
⋃
β∈α Anβ = ∅; or
· V nα = Anα = ∅, if Unα ⊆
⋃
β∈α V nβ or Unα ∩
⋃
β∈α Anβ = ∅.
Note that the set Dn =⋃α∈γn Anα obtained in this fashion is discrete. We claim that
⋃
n∈ω Dn is dense in X .
Let Ω = ∅ be an open subset of X , and ﬁx x ∈ Ω . Since (Gn)n∈ω is a quasi-development, we have ∅ = st(x,Gn) ⊆ Ω for
some n ∈ ω. Let ξ = min{α ∈ γn: x ∈ Unα}. By construction, if Dn ∩ Unξ were empty, we would have Unξ ⊆
⋃
β∈ξ V nβ , hence
x ∈ Unξ ⊆
⋃
β∈ξ Unβ , which contradicts the deﬁnition of ξ . Thus ∅ = Dn ∩ Unξ ⊆ Dn ∩ Ω . 
Next we introduce two properties that will be useful throughout this paper.
Deﬁnition 2.4. We say that a topological space X satisﬁes property P if
for every discrete D ⊆ X , every open neighborhood assignment (Vd)d∈D such that ∀d ∈ D (Vd ∩ D = {d}) and every
sequence (En)n∈ω of dense subsets of X , there is a sequence (Dn)n∈ω of discrete subsets of X such that ∀n ∈ ω (Dn ⊆ En)
and ∀d ∈ D (Vd ∩⋃n∈ω Dn = ∅).
Property P may seem somewhat artiﬁcial at ﬁrst glance; one might think it would be more natural to deﬁne, for instance,
the following property:
For every discrete D ⊆ X , every open neighborhood assignment (Vd)d∈D such that ∀d ∈ D (Vd ∩D = {d}) and every dense
E ⊆ X , there is a discrete D0 ⊆ E such that ∀d ∈ D (Vd ∩ D0 = ∅).
It is clear that the property above (call it property P′) implies property P; as we shall see later on, property P serves our
purposes well, so we work with it rather than with property P′ .
Now recall that a topological space X is discretely generated (see [8]) if whenever A ⊆ X and x ∈ A there is a discrete D ⊆
A with x ∈ D . We generalize this concept by considering discrete subsets instead of points, thus arriving at the following:
Deﬁnition 2.5. A topological space X is said to be DDG (for discretely-(discretely generated)) if for every discrete D ⊆ X and
every A ⊆ X such that D ⊆ A there is a discrete D0 ⊆ A such that D ⊆ D0.
Before stating relationships between these properties, we make the following observation:
Lemma 2.6. The following conditions are equivalent for a topological space X :
(a) X is hereditarily collectionwise Hausdorff ;
(b) for every discrete D ⊆ X, there is a cellular family {Vd: d ∈ D} in X such that d ∈ Vd for each d ∈ D.
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D in X is disjoint from D , which implies that D is a closed and discrete subset of Y = X \ A. By (a), there is a family
{Vd: d ∈ D} of mutually disjoint open subsets of Y such that d ∈ Vd for each d ∈ D . But Y is open in X , hence Vd is open
in X for every d ∈ D . 
Now we will see how the aforementioned concepts are related. Recall that a topological space (X, τ ) is monotonically
normal (see [9]) if there is a function Ω : {(x,U ) ∈ X × τ : x ∈ U } → τ with x ∈ Ω(x,U ) such that Ω(x,U ) ∩ Ω(y, V ) = ∅
implies x ∈ V or y ∈ U .
Proposition 2.7. Consider the following statements about a topological space X :
(a) X is metrizable;
(b) X is monotonically normal;
(c) X is discretely generated and hereditarily collectionwise Hausdorff ;
(d) X is DDG;
(e) X satisﬁes property P.
Then (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e).
Proof. The ﬁrst implication is clear, and the second one follows from Theorem 3.10 of [8] and Lemma 2.6.
For (c) ⇒ (d), let D, A ⊆ X be such that D is discrete and D ⊆ A. By Lemma 2.6, there is a family {Vd: d ∈ D} of mutually
disjoint open subsets of X such that d ∈ Vd for each d ∈ D . For each d ∈ D , let Ad be a discrete subset of A such that d ∈ Ad .
Then D0 =⋃d∈D(Ad ∩ Vd) is a discrete subset of A such that D ⊆ D0.
Finally, (d) implies (e) since we can simply take a discrete D0 ⊆ E0 with D ⊆ D0 and deﬁne Dn = ∅ for each n ∈
ω \ {0}. 
For the next result, recall that a topological space X is screenable (see [6]) if every open cover of X has an open reﬁne-
ment that is a countable union of cellular families.
Proposition 2.8. Every hereditarily screenable space satisﬁes property P.
Proof. Since Y =⋃d∈D Vd is screenable, there is a sequence (Un)n∈ω of cellular families in Y such that U =
⋃
n∈ω Un is an
open reﬁnement of {Vd: d ∈ D}. For each n ∈ ω, we can choose for each U ∈ Un an ynU ∈ U ∩ En; since the elements of Un
are mutually disjoint, it follows that Dn = {ynU : U ∈ Un} is a discrete subset of En .
Now, for an arbitrary d ∈ D , let k ∈ ω and U ∈ Uk be such that d ∈ U . Since U reﬁnes {Vx: x ∈ D} and d /∈ Vx if x ∈ D \{d},
it must occur that U ⊆ Vd , hence ynU ∈ Vd ∩ Dk ⊆ Vd ∩
⋃
n∈ω Dn . 
3. When d-separability implies D-separability
In this section we make use of results from the previous section to establish conditions under which d-separability
implies D-separability.
We begin with a lemma that presents such a condition explicitly.
Lemma 3.1. Suppose that a d-separable space X satisﬁes the following condition:
For every discrete D ⊆ X and every sequence (En)n∈ω of dense subsets of X , there is a sequence (Dn)n∈ω of discrete subsets of X
such that ∀n ∈ ω (Dn ⊆ En) and D ⊆⋃n∈ω Dn.
Then X is D-separable.
Proof. Let (Zk)k∈ω be a sequence of discrete subsets of X such that Z = ⋃k∈ω Zk is dense in X , and let f :ω × ω → ω
be a bijection. Now let (E j) j∈ω be a sequence of dense subsets of X . For each k ∈ ω, it follows from our hypothesis that
there is a sequence (Akn)n∈ω of discrete subsets of X such that Akn ⊆ E f (k,n) for all n ∈ ω and Zk ⊆
⋃
n∈ω Akn . Now deﬁning
D f (k,n) = Akn for each (k,n) ∈ ω ×ω we have
⋃
j∈ω
D j =
⋃
k∈ω
⋃
n∈ω
Akn ⊇
⋃
k∈ω
⋃
n∈ω
Akn ⊇
⋃
k∈ω
Zk = Z ,
which implies
⋃
j∈ω D j ⊇ Z = X . Therefore
⋃
j∈ω D j is dense in X . 
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Corollary 3.2. If a d-separable space X is ﬁrst-countable and satisﬁes property P, then X is D-separable.
Proof. It suﬃces to show that the condition stated in Lemma 3.1 holds. Let then D ⊆ X be discrete and (En)n∈ω be a
sequence of dense subsets of X . For each x ∈ D , ﬁx a local base {V xk : k ∈ ω} for x in X such that ∀k ∈ ω (V xk ∩ D = {x}).
Now let f :ω×ω → ω be a bijection. For each k ∈ ω, it follows from property P that there is a sequence (Akj) j∈ω of discrete
subsets of X such that Akj ⊆ E f (k, j) for each j ∈ ω and V xk ∩
⋃
j∈ω Akj = ∅ for each x ∈ D . Thus deﬁning D f (k, j) = Akj for each
(k, j) ∈ ω × ω it must occur that D ⊆⋃n∈ω Dn , since for every x ∈ D it follows that ∀k ∈ ω (V xk ∩
⋃
n∈ω Dn = ∅) and hence
x ∈⋃n∈ω Dn . 
Let us denote by (∗) the condition stated in Lemma 3.1. The results above are summarized in the following proposition.
In particular, this shows how the condition (∗) is related with D-separability and property P.
Proposition 3.3. The following holds:
(a) a topological space is D-separable if and only if it is d-separable and satisﬁes (∗);
(b) (∗) implies property P;
(c) for ﬁrst-countable spaces, (∗) and property P are equivalent;
(d) a ﬁrst-countable space is D-separable if and only if it is d-separable and satisﬁes property P.
Proof. Since D-separability clearly implies (∗), Lemma 3.1 yields (a). Now (b) is straightforward from the deﬁnitions, and
(c) is essentially what was done in the proof of Corollary 3.2. Finally, (d) follows from (a) and (c). 
In view of what was done in the previous section, Corollary 3.2 has also the following consequences:
Corollary 3.4. If a d-separable space X is ﬁrst-countable and hereditarily screenable, then X is D-separable.
Proof. By Proposition 2.8 and Corollary 3.2. 
Corollary 3.5. If a quasi-developable space satisﬁes property P, then it is D-separable.
Proof. By Proposition 2.3 and Corollary 3.2. 
It is clear that, for a space X to be D-separable, every dense subspace of X must be d-separable. The next result estab-
lishes an extra hypothesis under which this condition is also suﬃcient. Note that the ﬁrst one is analogous to Scheepers’s
results about R-separable and M-separable spaces (see Theorem 5.4 below). We recall that cov(M) is the least cardinality
of a cover of the real line R by meagre subsets.
Proposition 3.6. Let X be a topological space with πw(X) < cov(M) such that every dense subspace of X is d-separable. Then X is
D-separable.
Proof. We shall prove that player One does not have a winning strategy in the game Gdis(D,D), which implies that X is
D-separable.
For each dense subset E of X , let (Em)m∈ω be a sequence of discrete subsets of E such that
⋃
m∈ω Em is dense in E . Let
ϕ be a strategy for One in Gdis(D,D). We will show that this strategy can be defeated by Two only by playing discrete sets
of the form Em , where E is the dense set played by One according to ϕ . In order to do so, consider the function ψ that
assigns to each s = (si)i<k ∈ <ωω the sequence (Di)i<k deﬁned recursively by Di = (ϕ((D j) j<i))si for all i < k; ﬁnally, for
each s ∈ <ωω deﬁne Es = ϕ(ψ(s)), which is a dense subset of X .
Now ﬁx a π -base V for X with |V| πw(X). For each V ∈ V , let BV =⋃n∈ω{s ∈ n+1ω: V ∩ Es(n)sn = ∅}; note that BV is
dense in the partial order (<ωω,⊇), since BV ∩ {s(n): n ∈ ω} = ∅ for all s ∈ <ωω. As |V| < cov(M) and |<ωω| = ℵ0, there
is a ﬁlter G ⊆ <ωω whose intersection with each BV is nonempty — see, e.g., [7, Theorem 7.13]. Let then f =⋃G , which is
an element of ωω. We claim that, if Two responds a dense set E played by One in the n-th inning of the game Gdis(D,D)
with E f (n) , then Two wins.
Indeed, if One plays according to ϕ and Two plays according to the strategy just described, we get the play
(
E∅, E f (0), E( f (0)), E f (1) , E( f (0), f (1)), E f (2) , . . . , E f n, E f (n), . . .
)
∅ ( f (0)) ( f (0), f (1)) f n
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i.e., such that V ∩ E f (k)f k = ∅. Hence V ∩
⋃
n∈ω E
f (n)
f n = ∅ for each V ∈ V , which implies that
⋃
n∈ω E
f (n)
f n is dense in X , since
V is a π -base for X . Therefore Two wins the play. 
Corollary 3.7. If a topological space X is quasi-developable and satisﬁes πw(X) < cov(M), then X is D-separable.
Proof. Since X is quasi-developable, the same holds for every subspace of X . By Proposition 2.3, this implies that every
subspace of X is d-separable, so the result follows from Proposition 3.6. 
Corollary 3.8. If a quasi-developable space X has a point-countable base and satisﬁes s(X) < cov(M), then X is D-separable.
Proof. By Proposition 2.3, X is d-separable, which implies that X has a dense subset of cardinality s(X) · ℵ0 = s(X), so
d(X)  s(X) < cov(M). Since X has a point-countable base, we have w(X) = d(X) < cov(M), hence πw(X)  w(X) <
cov(M) and the result follows from Corollary 3.7. 
Corollary 3.9. If a topological space X has a σ -point-ﬁnite base and satisﬁes s(X) < cov(M), then X is D-separable.
Proof. By Proposition 2.3 and Corollary 3.8. 
4. When d-separability implies D+-separability
Our interest in this section is to determine topological conditions that imply D+-separability when in presence of d-
separability.
The ﬁrst result actually requires separability instead of d-separability.
Proposition 4.1. If a topological space is separable and discretely generated, then it is D+-separable.
Proof. Let {xn: n ∈ ω} be a dense subset of X . In the game Gdis(D,D), let Two answer a dense En ⊆ X played by One in
the n-th inning with a discrete Dn ⊆ En such that xn ∈ Dn . This deﬁnes a winning strategy for player Two, since the set⋃
n∈ω Dn obtained in this fashion is dense in X . 
But it turns out that the hypothesis of separability above can be weakened to d-separability for hereditarily screenable
spaces:
Proposition 4.2. If a topological space is d-separable, discretely generated and hereditarily screenable, then it is D+-separable.
Proof. Fix a bijection f :ω×ω → ω and a dense subset A =⋃n∈ω An of X such that every An is discrete. For each n ∈ ω, let
(V nx )x∈An be an open neighborhood assignment witnessing that An is discrete. Since Yn =
⋃
x∈An V
n
x is screenable, there is a
sequence (Unk )k∈ω of cellular families in Yn such that Un =
⋃
k∈ω Unk is an open reﬁnement of {V nx : x ∈ An}. For each x ∈ An ,
let then Unx ∈ Un be such that x ∈ Unx ; since Un reﬁnes {V nx : x ∈ An} and x /∈ V ny if y ∈ An \ {x}, it follows that Unx ⊆ V nx .
We now deﬁne a strategy for Two in the game Gdis(D,D). For j ∈ ω, let E j be the dense subset played by One in the
j-th inning. Now let n,k ∈ ω be such that f (n,k) = j, and deﬁne B j = {x ∈ An: Unx ∈ Unk }. For each x ∈ B j , since x ∈ Unx ∩ E j ,
there is a discrete D jx ⊆ Unx ∩ E j such that x ∈ D jx . Since Unk is a cellular family, it follows that D j =
⋃
x∈B j D
j
x is a discrete
subset of E j . We claim that this deﬁnes a winning strategy for player Two in Gdis(D,D), i.e., that
⋃
j∈ω D j will be dense in
X if for all j ∈ ω we obtain D j from E j as described above.
To see this, let Ω ⊆ X be open and nonempty. Then there are n ∈ ω and x ∈ An such that x ∈ Ω . Let k ∈ ω be such that
x ∈ B j for j = f (n,k). Then x ∈ D jx ⊆ D j ⊆
⋃
i∈ω Di . 
Another class of topological spaces in which d-separability implies D+-separability is the class of DDG spaces:
Proposition 4.3. If a topological space is d-separable and DDG, then it is D+-separable.
Proof. Let A = ⋃n∈ω An be a dense subset of X with An discrete for all n ∈ ω. We deﬁne a strategy for player Two in
the game Gdis(D,D) as follows: if One plays a dense En ⊆ X in the n-th inning, Two plays a discrete Dn ⊆ En such that
An ⊆ Dn . Since A is dense in X , the set ⋃n∈ω Dn is dense in X , hence this is a winning strategy for Two in this game. 
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Corollary 4.4. Let X be discretely generated and hereditarily collectionwise Hausdorff. Then X is d-separable if and only if it is D+-
separable.
Corollary 4.5. A monotonically normal space is d-separable if and only if it is D+-separable.
In particular, Corollary 4.5 gives a positive answer to Question 27 of [4], where it was asked whether d-separability and
D-separability were equivalent for monotonically normal spaces.
5. Non-D-separable Cantor cubes
In [4, Example 40], a countable non-D-separable dense subspace of the product 2c was constructed, thus showing that
2c is not D-separable. Still in [4], this led to the deﬁnition of the following small cardinals:
cds= min{κ: 2κ has a countable non-D-separable dense subspace};
ds= min{κ: 2κ is not D-separable}.
Clearly, ℵ1  ds cds c.
One might consider as well the respective cardinals related to other selective versions of separability; namely, R-
separability and M-separability — which were introduced (under another terminology) in [12].
Deﬁnition 5.1. A topological space is said to be
· R-separable if for every sequence (En)n∈ω of dense subsets of X there is a sequence (xn)n∈ω such that xn ∈ En for every
n ∈ ω and {xn: n ∈ ω} is dense in X ;
· M-separable (or selectively separable) if for every sequence (En)n∈ω of dense subsets of X there is a sequence (Fn)n∈ω
such that Fn is a ﬁnite subset of En for every n ∈ ω and ⋃n∈ω Fn is dense in X .
We may then deﬁne
crs= min{κ: 2κ has a countable non-R-separable dense subspace};
rs= min{κ: 2κ is not R-separable};
cms= min{κ: 2κ has a countable non-M-separable dense subspace};
ms= min{κ: 2κ is not M-separable}.
The proof of the next proposition is immediate.
Proposition 5.2. The following inequalities hold:
(a) rs crs;
(b) ms cms;
(c) ℵ1  rsms ds;
(d) crs cms cds c.
But we can actually say more:
Proposition 5.3.
(a) rs=ms= ℵ1;
(b) crs= cov(M);
(c) cms= d.
Before proving Proposition 5.3, let us recall the following consequence of Theorems 29 and 40 of [12]:
Theorem 5.4. (Scheepers [12]) Let X be a topological space such that every dense subspace of X is separable.
(a) If πw(X) < cov(M), then X is R-separable.
(b) If πw(X) < d, then X is M-separable.
L.F. Aurichi et al. / Topology and its Applications 159 (2012) 3445–3452 3451Note that item (a) of the above theorem also follows from a straightforward modiﬁcation of the proof of Proposition 3.6.
Proof of Proposition 5.3. For (a), we only have to show that ms= ℵ1. Since the Σ-product Σ = {x ∈ 2ω1 : |{ξ ∈ ω1: x(ξ) =
1}| ℵ0} is a non-separable dense subspace of 2ω1 , the sequence (En)n∈ω where En = Σ for all n ∈ ω witnesses that 2ω1 is
not M-separable.
We now turn to (b). In [2, Theorem 50], it was shown that the space 2cov(M) has a dense countable subspace that is not
R-separable; hence, crs cov(M). Now let X be a countable non-R-separable dense subspace of 2crs. By Theorem 5.4(a),
we must have crs= πw(X) cov(M). Thus crs= cov(M).
Finally, (c) is analogous to (b): the inequality cms  d follows similarly from Theorem 5.4(b), and cms  d is a conse-
quence of Theorem 2.18 of [3], which states that there is a countable dense subspace of 2d that is not M-separable. 
Corollary 5.5. cds d.
In [4, Question 45], it was asked whether cds = ds. Of course, CH implies cds = ds = ℵ1. We will show that cds > ds is
also consistent by constructing a model where ds = ℵ1 < d. We recently learned that the equality ds = ℵ1 was proved in
ZFC [14]; nevertheless, we believe the proof of the result we present here is of independent interest.
Recall that a partial order P has property K if, for every uncountable Z ⊆ P, there is an uncountable Z ′ ⊆ Z such that
any two elements of Z ′ are compatible (see [16]). Note that every partial order that has property K satisﬁes c.c.c. It is well
known (see, e.g., the proof of Lemma VII 5.4 in [10]) that the partial order (Fn(I, J ),⊇) has property K for any I, J = ∅
with | J | ℵ0.
The next result presents a condition for preservation of countable spread under forcing extensions. As usual, if (X, τ ) is
a topological space in the ground model M, in the forcing extension we consider the corresponding space (X, τ˜ ), where τ˜
is the topology on X that has τ as an open base.
Lemma 5.6. In M, let X be a topological space of countable spread and let P be a partial order that has property K . Then s(X) = ℵ0
holds in every generic extension of M by P.
Proof. Suppose, in order to get a contradiction, that there are p ∈ P and a P-name σ with
p  σ : ωˇ1 → Xˇ is injective and im(σ ) ⊆ Xˇ is discrete.
Let τ be the topology of X in M, which is an open base for X in any extension of M by P. For each α ∈ ω1,
p  ∃x ∈ Xˇ ∃V ∈ τˇ (σ(αˇ) = x and {ξ ∈ ωˇ1: σ(ξ) ∈ V
}= {αˇ}),
hence there are pα  p, xα ∈ X and Vα ∈ τ such that
pα  σ(αˇ) = xˇα and
{
ξ ∈ ωˇ1: σ(ξ) ∈ Vˇα
}= {αˇ}.
Since P has property K , there is an uncountable A ⊆ ω1 such that pα and pβ are compatible whenever α,β ∈ A. Note that
(xα)α∈A ∈M.
For each α ∈ A, since “xα ∈ Vα” is absolute and pα  xˇα ∈ Vˇα , it follows that xα ∈ Vα holds in M. Thus, since we have in
M that A is uncountable and X has countable spread, there must be distinct α,β ∈ A with xα ∈ Vβ . Take q ∈ P extending
both pα and pβ . Then q  σ(αˇ) = xˇα ∈ Vˇβ implies
q  αˇ ∈ {ξ ∈ ωˇ1: σ(ξ) ∈ Vˇβ
}= {βˇ},
which is a contradiction. 
Proposition 5.7. Suppose that CH holds in M and let P ∈M be a partial order that has property K . Then every generic extension of M
by P satisﬁes ds= ℵ1 .
Proof. By Theorem 3.14 of [15], in M there is a dense subspace X of the Σ-product Σ = {x ∈ 2ω1 : |{ξ ∈ ω1: x(ξ) = 1}| ℵ0}
such that s(X) = ℵ0; since Σ is not separable, X is not d-separable.
Let G be P-generic over M. We will show that, in M[G], X remains a non-d-separable dense subspace of 2ω1 . Note that,
as P satisﬁes c.c.c., ω1 is preserved in this extension.
Since a basic open set in 2ω1 depends only on a ﬁnite number of coordinates, it follows from ([ω1]<ℵ0)M = ([ω1]<ℵ0)M[G]
that the basic open subsets of (2ω1 )M and (2ω1 )M[G] are the same. Hence X being dense in (2ω1 )M yields X being dense in
(2ω1 )M[G] .
We now work within M[G]. By Lemma 5.6, it follows that X is a dense subspace of Σ with s(X) = ℵ0. Again, since Σ is
a non-separable dense subset of 2ω1 , this implies that X is a non-d-separable dense subset of 2ω1 . 
3452 L.F. Aurichi et al. / Topology and its Applications 159 (2012) 3445–3452Corollary 5.8. Let κ be a cardinal of uncountable coﬁnality. By adding κ Cohen reals to a ground model that satisﬁes GCH, we get that
ds= ℵ1 and cds= c= κ . Hence it is consistent that ds< cds.
Proof. ds = ℵ1 follows from Proposition 5.7. Since this forcing extension satisﬁes d = c = κ — see e.g. [7, Section 11.3] —
Corollary 5.5 yields cds= c= κ . 
6. Questions
Next we present a list of some questions that we were not able to answer:
Question 1. Is cds> d consistent with ZFC?
Question 2. Can the hypothesis about πw in Proposition 3.6 be weakened?
Question 3. Is the game Gdis(D,D) determined?
Acknowledgements
The authors wish to thank Ofelia T. Alas for her valuable comments during the preparation of this work. The authors
also wish to thank Santi Spadaro for the early access to [4].
References
[1] C.E. Aull, Topological spaces with a σ -point ﬁnite base, Proc. Amer. Math. Soc. 29 (1971) 411–416.
[2] A. Bella, M. Bonanzinga, M. Matveev, Addendum to “Variations of selective separability” [Topology Appl. 156 (7) (2009) 1241–1252], Topology Appl. 157
(2010) 2389–2391.
[3] A. Bella, M. Bonanzinga, M.V. Matveev, V.V. Tkachuk, Selective separability: General facts and behavior in countable spaces, Topology Proc. 32 (2008)
15–30.
[4] A. Bella, M. Matveev, S. Spadaro, Variations of selective separability II: Discrete sets and the inﬂuence of convergence and maximality, Topology
Appl. 159 (2012) 253–271.
[5] H.R. Bennett, On quasi-developable spaces, General Topology and Appl. 1 (1971) 253–262.
[6] R.H. Bing, Metrization of topological spaces, Canad. J. Math. 3 (1951) 175–186.
[7] A. Blass, Combinatorial cardinal characteristics of the continuum, in: Handbook of Set Theory, Springer, Dordrecht, 2010, pp. 395–489.
[8] A. Dow, M.G. Tkachenko, V.V. Tkachuk, R.G. Wilson, Topologies generated by discrete subspaces, Glas. Mat. Ser. III 37 (2002) 189–212.
[9] R.W. Heath, D.J. Lutzer, P.L. Zenor, Monotonically normal spaces, Trans. Amer. Math. Soc. 178 (1973) 481–493.
[10] K. Kunen, Set Theory, North-Holland, Amsterdam, 1980.
[11] G. Kurepa, Le problème de Souslin et les espaces abstraits, C. R. Acad. Sci. Paris 203 (1936) 1049–1052.
[12] M. Scheepers, Combinatorics of open covers VI: Selectors for sequences of dense sets, Quaest. Math. 22 (1999) 109–130.
[13] B.E. Shapirovskii, Cardinal invariants in bicompacta, in: Seminar on General Topology, Moskov. Gos. Univ., Moscow, 1981, pp. 162–187.
[14] D. Soukup, L. Soukup, S. Spadaro, Variations of separability and discretely generated topologies, preprint.
[15] V.V. Tkachuk, Function spaces and d-separability, Quaest. Math. 28 (2005) 409–424.
[16] W. Weiss, Versions of Martin’s axiom, in: K. Kunen, J.E. Vaughan (Eds.), Handbook of Set-Theoretic Topology, North-Holland, Amsterdam, 1984, pp. 827–
886.
